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Abstract—A reduced-order position observer with stator-
resistance adaptation is proposed for motion-sensorless
permanent-magnet synchronous motor drives. A general
analytical solution for the stabilizing observer gain and stability
conditions for the stator-resistance adaptation are derived.
Under these conditions, the local stability of the position and
stator-resistance estimation is guaranteed at every operating
point except the zero frequency, if other motor parameters are
known. The proposed observer design is experimentally tested
using a 2.2-kW motor drive; stable operation at very low speeds
under different loading conditions is demonstrated.
Index Terms—Observer, stability conditions, speed sensorless,
stator resistance estimation.
I. INTRODUCTION
Permanent-magnet synchronous motor (PMSM) drives are
becoming more and more popular in a wide area of applica-
tions due to their dynamic performance, efficiency, and high
torque density. In low-cost applications, motion-sensorless op-
eration of the drive is preferred, and signal-injection methods
are avoided in order to minimize hardware costs. Hence, a
robust and easy-to-tune rotor-position observer, based only on
the fundamental excitation, is needed [1]–[6].
Even if the drive is equipped with a motion sensor, a
sensorless-control mode can be beneficial, for example, as
a fallback strategy in the case of sensor failure. In some
applications, a position observer can be augmented with a
signal-injection method for low-speed operation [7], [8], [9]; it
is important that the underlying fundamental-excitation-based
observer is stable and well-damped in the whole speed and
load range.
Motion-sensorless PMSM drives may have unstable operat-
ing regions at low speeds, especially if the saliency ratio of the
machine is high. Since the back electromotive force (EMF) is
proportional to the rotational speed of the motor, parameter
errors have a relatively high effect on the accuracy of the
estimated back EMF at low speeds [4]. Improper observer gain
selections may cause unstable operation of the drive even if
the parameters are accurately known [3], [5].
In practice, the stator resistance varies with the winding
temperature during the operation of the motor. The stator
resistance can be estimated by injecting a test signal into
the stator winding, or by using the fundamental excitation in
combination with a machine model. For PMSMs, a dc-current
signal has been used for identifying the stator resistance in
[10]. A combination of steady-state equations and the response
to an alternating-current signal has been used in [11]. In [12],
[13], a model-reference adaptive system (MRAS) is applied
for on-line stator resistance estimation in order to improve
the sensorless control. Usually, an in-depth stability analysis
of these methods is omitted since the resulting closed-loop
systems become very complicated.
The main contributions of this paper are:
1) A reduced-order observer is proposed for PMSM drives.
2) Analytical stability conditions are derived and formu-
lated as a general stabilizing gain, which simplifies the
tuning procedure.
3) The proposed observer is augmented with the stator-
resistance adaptation, and the analytical stability con-
ditions are derived for the augmented observer.
4) An easy-to-tune observer design is proposed.
The proposed design is comparatively simple, and it results in
a robust and well-damped closed-loop system. If desired, the
observer could be augmented with a signal-injection method,
for example in a fashion similar to [7]. The performance of
the proposed observer design is evaluated using laboratory
experiments with a 2.2-kW PMSM drive.
II. PMSM MODEL
Real space vectors will be used throughout the paper. For
example, the stator-current vector is is = [id, iq]T, where
id and iq are the components of the vector and the matrix
transpose is marked with the superscript T. The identity matrix
and the orthogonal rotation matrix are defined as
I =
[
1 0
0 1
]
, J =
[
0 −1
1 0
]
respectively.
The electrical position of the permanent-magnet flux is
denoted by ϑm. The position depends on the electrical angular
rotor speed ωm according to
dϑm
dt
= ωm (1a)
To simplify the analysis in the following sections, the machine
model will be expressed in the estimated rotor reference frame,
whose d axis is aligned at ϑˆm with respect to the stator
reference frame. The stator inductance and the permanent-
magnet-flux vector are
L = e−ϑ˜mJ
[
Ld 0
0 Lq
]
eϑ˜mJ, ψpm = e
−ϑ˜mJ
[
ψpm
0
]
(1b)
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Fig. 1. Speed-sensorless rotor-oriented controller. The observer is imple-
mented in the estimated rotor coordinates.
respectively, where ϑ˜m = ϑˆm − ϑm is the estimation error
in the rotor position, Ld the direct-axis inductance, Lq the
quadrature-axis inductance, and ψpm the permanent-magnet
flux. The voltage equation is
dψs
dt
= us −Rsis − ωˆmJψs (1c)
where ψs is the stator-flux vector, us the stator-voltage vector,
Rs the stator resistance, and ωˆm = dϑˆm/dt is the angular
speed of the coordinate system. The stator current is a non-
linear function
is = L
−1(ψs −ψpm) (1d)
of the stator-flux vector and the position error ϑ˜m.
III. ROTOR-POSITION OBSERVER
To avoid forbiddingly complicated equations, which would
prevent analytical results from being derived, accurate pa-
rameter estimates Ld, Lq, and ψpm are assumed1, with the
exception of the stator-resistance estimate Rˆs. Without loss
of generality, the observer in estimated rotor coordinates
is considered. Since the rotor-position estimation error is
unknown, the inductance matrix and permanent-magnet-flux
vector estimates are
Lˆ =
[
Ld 0
0 Lq
]
, ψˆpm =
[
ψpm
0
]
(2)
respectively. A typical rotor-oriented control system is de-
picted in Fig. 1, where the rotor-position estimate ϑˆm is
calculated in estimated rotor coordinates.
A. Adaptive Observer
A conventional method for estimating the rotor position is
to apply a speed-adaptive observer [1], [9]
dψˆs
dt
= us − Rˆsis − ωˆmJψˆs +K(iˆs − is) (3a)
dϑˆm
dt
= ωˆm (3b)
iˆs = Lˆ
−1
(ψˆs − ψˆpm) (3c)
1In practical implementations, the effect of the magnetic saturation on Ld
and Lq can be taken into account using explicit functions or look-up tables.
where ψˆs = [ψˆd, ψˆq]T and the 2×2 matrix K is the observer
gain. In order to estimate the rotor speed ωˆm and the position
ϑˆm, the observer (3) has been augmented with a speed-
adaptation law. Typically, the estimation error iˆq− iq is fed to
the PI mechanism whose output is the speed estimate
ωˆm = kp(ˆiq − iq) + ki
∫
(ˆiq − iq)dt (4)
The adaptive observer consisting of (3) and (4) is of the fourth
order, and there are four parameters to tune (assuming that K
is skew-symmetric).
B. Proposed Reduced-Order Observer
1) Structure: The observer order can be reduced by es-
timating only the d component ψˆd while the q component
is evaluated based on the measured current. The stator-flux
estimate is redefined as
ψˆs =
[
ψˆd
Lqiq
]
=
[
Ld iˆd + ψpm
Lqiq
]
(5)
Since the q component of the current-estimation error is not
available, the observer gain reduces to
K =
[
Ldk1 0
Ldk2 0
]
(6)
where the two gain components k1 and k2 are scaled with
Ld for convenience. Using the definitions (5) and (6) in (3),
the componentwise presentation of the proposed reduced-order
observer becomes
dψˆd
dt
= ud − Rˆsid + ωˆmLqiq + k1(ψˆd − ψpm − Ldid) (7a)
dϑˆm
dt
=
uq − Rˆsiq − Lq diqdt + k2(ψˆd − ψpm − Ldid)
ψˆd
(7b)
The rotor speed estimate is obtained directly from (7b) since
ωˆm = dϑˆm/dt. The speed-adaptation law is avoided and the
implementation becomes easier. The proposed observer is of
the second order and there are only two gains.
2) Stabilizing Observer Gain: The gains k1 and k2 deter-
mine the stability (and other properties) of the observer. As
shown in Appendix A, the closed-loop system consisting of
(1) and (7) is locally stable in every operating point if (and
only if) the gains are given by2
k1 = −b+ β(c/ωˆm − ωˆm)
β2 + 1
, k2 =
βb− c/ωˆm + ωˆm
β2 + 1
(8)
where the coefficients b > 0 and c > 0 may depend on the
operating point and
β =
(Ld − Lq)iq
ψpm + (Ld − Lq)id (9)
As a special case, (9) reduces to β = 0 for non-salient PMSMs.
The observer gain design problem is reduced to the selection
of the two positive coefficients b and c, which are actually the
2For ωˆm = 0, c = 0 has to be selected to avoid division by zero, giving
only marginal stability for zero speed.
coefficients of the characteristic polynomial of the linearized
closed-loop system, cf. Appendix A. Hence, (8) can be used to
place the poles of the linearized closed-loop system arbitrarily.
An accurate stator-resistance estimate Rˆs was assumed in the
derivation of (8), but this assumption will be lifted, as will be
described in Section III-B3.
The stability with accurate parameter estimates is necessary
but not a sufficient design goal. In addition, it is typically
required that the system should be well damped, robust against
parameter errors and noise, and easy to tune. Numerical studies
have been carried out to search for the coefficients b and c
that would satisfy these criteria. It was found out that the
coefficient b can be kept constant while c = b|ωˆm|+ ωˆ2m leads
to the simple gains
k1 = −bβ sign(ωˆm) + 1
β2 + 1
, k2 = b
β − sign(ωˆm)
β2 + 1
(10)
that are independent on the rotor speed estimate (except its
sign). This gain selection is an acceptable compromise be-
tween design criteria (damping, robustness, and simplicity). If
different design criteria are preferred, coeffients b and c could
be searched, for example, by means of numerical optimization.
3) Stator-Resistance Adaptation: The following stator-
resistance adaptation law is proposed:
dRˆs
dt
= kR(ψˆd − ψpm − Ldid) (11)
where kR is the adaptation gain. As shown in Appendix B, the
general stability conditions for the observer augmented with
(11) are
kR(iq + βid)ωˆm > 0 (12a)
kR[(id − βiq)b − (iq + βid)ωˆm] + bc > 0 (12b)
where b and c are the positive design parameters in (8).
The stability conditions will be applied in the following.
Based on the condition (12a), the sign of the gain kR has to
depend on the operating mode. Furthermore, the magnitude of
kR has to be limited according to (12b). It can be shown that
the conditions in (12) are fulfilled by choosing
kR =


min{k′R, L}, if x > 0 and L > 0
max{−k′R, L}, if x < 0 and L < 0
k′R sign(x), otherwise
(13)
where k′R is a positive design parameter. The sign of the gain
kR is determined by x = (iq + βid)ωˆm. The limiting value is
L = −r bc
(id − βiq)b− (iq + βid)ωˆm (14)
where the parameter 0 < r < 1 affects the stability margin of
the system; choosing r = 1 would lead to a marginally stable
system (in the operating points where kR is determined by L).
In practice, the adaptation should be disabled in the vicinity
of no-load operation and at higher stator frequencies due to
poor signal-to-noise ratio (which is a fundamental property
common to all stator-resistance adaptation methods based only
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Fig. 2. Experimental setup. The stator currents and the DC-link voltage are
used as feedback signals. Mechanical load is provided by a servo drive. The
rotor speed ωm is measured for monitoring purposes. Three-phase switch S
is in the closed position, except in the experiment shown in Fig. 4.
on the fundamental-wave excitation). Hence, parameter k′R in
(13) can be selected as
k′R =
{
k′′R
(
1− |ωˆm|
ω∆
)
is, if is > i∆ and |ωˆm| < ω∆
0, otherwise
(15)
where k′′R, ω∆, and i∆ are positive constants, and is is the
magnitude of the stator-current vector.
IV. EXPERIMENTAL SETUP AND PARAMETERS
The operation of the proposed observer and stator-resistance
adaptation was investigated experimentally using the setup
shown in Fig. 2. The motion-sensorless control system was
implemented in a dSPACE DS1103 PPC/DSP board. A 2.2-
kW six-pole PMSM is fed by a frequency converter that is
controlled by the DS1103 board. The rated values of the
PMSM are: speed 1500 r/min; frequency 75 Hz; line-to-line
rms voltage 370 V; rms current 4.3 A; and torque 14 Nm. The
base values for angular speed, voltage, and current are defined
as 2pi · 75 rad/s,
√
2/3 · 370 V, and √2 · 4.3 A, respectively.
A servo PMSM is used as a loading machine. The rotor
speed ωm and position ϑm are measured using an incremental
encoder for monitoring purposes. The total moment of inertia
of the experimental setup is 0.015 kgm2 (2.2 times the inertia
of the 2.2-kW PMSM rotor).
The stator resistance of the 2.2-kW PMSM is approximately
3.3 Ω at room temperature. Additional 1-Ω resistors were
added between the frequency converter and the PMSM. The
resistance can be changed stepwise by opening or closing a
manually operated three-phase switch (S) connected in parallel
with the resistors. Unless otherwise noted, switch S is in the
closed position.
The block diagram of the speed-sensorless control system
implemented in the DS1103 board is shown in Fig. 1. The
stator currents and the DC-link voltage are measured, and
the reference voltage obtained from the current controller
is used for the observer. The sampling is synchronized to
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Fig. 3. Experimental results showing speed-reference steps (0 → 1200 rpm
→ −1200 rpm → 0) at no load.
the modulation, and both the switching frequency and the
sampling frequency are 5 kHz. A simple current feedforward
compensation for dead times and power device voltage drops is
applied. The control system shown in Fig. 1 is augmented with
a speed controller, whose feedback signal is the speed estimate
ωˆm obtained from the proposed observer. The bandwidth
of this PI controller, including active damping [14], is 0.08
p.u. The estimate of the per-unit electromagnetic torque is
evaluated as Tˆe = ψpmiq + (Ld − Lq)idiq.
The proposed observer was implemented in the estimated
rotor coordinates using (7), (10), (11), (13), and (15). The per-
unit parameter estimates used in the experiments are: Ld =
0.33 p.u.; Lq = 0.45 p.u.; and ψpm = 0.895 p.u. The observer
gain (10) is determined by the constant b = 3 p.u. The
parameters needed for the stator-resistance adaptation are: r =
0.1 in (14) and k′′R = 0.02 p.u., ω∆ = 0.25 p.u., and i∆ = 0.2
p.u. in (15).
V. EXPERIMENTAL RESULTS
Fig. 3 shows results of medium-speed no-load operation.
The speed reference was stepped from 0 to 1200 rpm, then to
−1200 rpm and finally back to 0. According to (15), the stator-
resistance adaptation was only active in the beginning of the
acceleration and at the end of the deceleration. Even though
there is an initial error of approximately 20 electrical degrees
in the rotor position estimate, it can be seen that the position
estimate quickly converges close to the actual position in the
beginning of the acceleration. The position error increases
slightly at the end of the deceleration (t > 2.5 s) since
the stator current, voltage and frequency approach zero and,
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Fig. 4. Experimental results showing the stepwise increase of 1 Ω in the
actual stator resistance at t = 7 s and the decrease at t = 13 s. Speed reference
is kept at 45 rpm and a rated load torque is applied at t = 2 s. TL shown in
the second subplot is the torque reference of the loading drive.
therefore, there is no information available on the position.
However, it is worth noticing that the position estimate remains
stable at zero speed and the drive could be accelerated again.
Fig. 4 shows the stepwise change in the stator resistance (as
seen by the frequency converter). Initially, three-phase switch
S, cf. Fig. 2, was in the closed position. The speed reference
was kept at 45 rpm. A rated-load torque step was applied at
t = 2 s. Switch S was opened at t = 7 s, causing a 0.02-p.u.
increase (corresponding to 30%) in the actual stator resistance.
Switch S was closed at t = 13 s. It can be seen that the
stator-resistance estimate tracks the change in the actual stator
resistance.
Fig. 5 shows load-torque steps when the speed reference
was kept at 30 rpm. The load torque was stepped to the rated
value at t = 2.5 s, reversed at t = 7.5 s, and removed at t =
12.5 s. It can be seen that the proposed observer behaves well
in torque transients.
Results of a slow speed reversals are shown in Fig. 6. A
rated-load torque step was applied at t = 2 s. The speed
reference was slowly ramped from 150 rpm to −150 rpm and
back to 150 rpm. During the sequence, the drive operates in
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Fig. 5. Experimental results showing load-torque steps (0 → rated →
negative rated → 0) when the speed reference is kept at 30 rpm.
the motoring and regenerating modes. In the vicinity of zero
frequency, the rotor-position estimate begins to deviate from
the actual position but the system remains stable. Without the
stabilizing observer gain, this kind of speed reversals would
not be possible. Furthermore, without the stator-resistance
adaptation, a very accurate stator-resistance estimate would
be needed since the frequency remains in the vicinity of zero
for a long time.
VI. CONCLUSIONS
In this paper, a reduced-order position observer with stator-
resistance adaptation was proposed for motion-sensorless
PMSM drives. A general analytical solution for the stabilizing
observer gain and stability conditions for the stator-resistance
adaptation were derived. Under these conditions, the local
stability of the position and stator-resistance estimation is
guaranteed at every operating point except the zero frequency,
if other motor parameters are known. The proposed observer
design is simple, and it results in a comparatively robust and
well-damped closed-loop system. The observer was experi-
mentally tested using a 2.2-kW PMSM drive; stable operation
at very low speeds under different loading conditions is
demonstrated. Furthermore, it was experimentally verified that
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Fig. 6. Experimental results showing slow speed reversals (150 rpm →−150
rpm → 150 rpm) when the rated load torque is applied.
the stator-resistance estimate can track stepwise changes in the
actual resistance.
APPENDIX A
DERIVATION OF A STABILIZING OBSERVER GAIN
From (1) and (3), the nonlinear dynamics of the estimation
error are obtained:
dψ˜s
dt
=Ki˜s − ωˆmJψ˜s − R˜sis (16a)
dϑ˜m
dt
= ω˜m (16b)
i˜s = L
−1
(
ψ˜s − ψ˜pm
)
(16c)
+
(
L−1 − Lˆ−1
)
(ψˆs − ψˆpm)
where
ψ˜pm = ψˆpm −ψpm =
(
I− e−ϑ˜mJ
) [
ψpm
0
]
(17)
and ψ˜s = ψˆs − ψs, ϑ˜m = ϑˆm − ϑm, and ω˜m = ωˆm − ωm,
R˜s = Rˆs−Rs are the estimation errors of the stator-flux vector,
rotor position, rotor speed, and stator resistance, respectively.
The local stability of the system (16) can be studied via
small-signal linearization in the synchronous coordinates. An
accurate stator-resistance estimate is assumed, i.e. R˜s = 0.
When the definition (5) and the observer gain (6) are applied
in (16), linearization results in
d
dt
[
ψ˜d
ψ˜q
]
=
[
k10 −k10β0 + ωm0
k20 − ωm0 −k20β0
]
︸ ︷︷ ︸
A
[
ψ˜d
ψ˜q
]
(18)
where the operating-point quantities are marked by the sub-
script 0. It is worth noticing that the linearized closed-loop
system is of the second order since ϑ˜m and ψ˜q are linearly
dependent, i.e. ψ˜q = [ψpm + (Ld − Lq)id0]ϑ˜m holds.
Since accurate parameter estimates are assumed, ψ˜d0 = 0
and ϑ˜m0 = 0 hold in the operating point. Therefore, the
linearization is valid even if the gain scheduling is used for the
observer gain. The characteristic polynomial is det(sI−A) =
s2 + b0s+ c0, where
b0 = k20β0 − k10, c0 = ω2m0 − (k20 + k10β0)ωm0 (19)
The nonlinear system (16) is locally stable if the coefficients of
the characteristic polynomial are positive: b0 > 0 and c0 > 0.
From (19), the general stabilizing gain can be solved:
k10 = −b0 + β0(c0/ωm0 − ωm0)
β20 + 1
(20a)
k20 =
β0b0 − c0/ωm0 + ωm0
β20 + 1
(20b)
This gain is related to the closed-loop poles according to
s1,2 =
−b0 ±
√
b20 − 4c0
2
. (21)
APPENDIX B
STABILITY OF STATOR-RESISTANCE ADAPTATION
Assuming constant Rs and the stator-resistance adaptation
law (11), the nonlinear dynamics of the stator-resistance esti-
mation error become
dR˜s
dt
= kR(ψˆd − ψpm − Ldid) (22)
The closed-loop system consisting of (16) and (22) can be
linearized:
d
dt

ψ˜dψ˜q
R˜s

 =

 k10 −k10β0+ωm0 −id0k20−ωm0 −k20β0 −iq0
kR0 −kR0β0 0



ψ˜dψ˜q
R˜s

 (23)
where the definition (5) and the observer gain (6) are applied.
Using the Routh–Hurwitz stability criterion, the stability con-
ditions are
b0 > 0 (24a)
kR0(iq0 + β0id0)ωm0 > 0 (24b)
kR0[(id0 − β0iq0)b0 − (iq0 + βid0)ωm0] + b0c0 > 0 (24c)
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